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Dynamic slip pulse propagation along a material interface is of great interest because many faults are
known to lie along material interfaces and such interfaces may cause pulse-like ruptures. This subject
has been extensively studied numerically over the last two decades. It has not, however, been studied
very thoroughly from an analytical standpoint, although analytical studies would complement numerical ones. In particular, an analytical solution for removing stress singularities has not yet been obtained,
even after an asymptotic analysis. In this paper, we employ three physically plausible conditions in our
theoretical modeling: 1) arbitrary propagation speeds in the sub-Rayleigh range, 2) a slip-weakening friction law, and 3) boundedness of stress. We can construct an analytical solution under these conditions,
and as a result of our parameter study, we determine the dependence of slip-weakening distance and the
ratio of process zone size to pulse length on rupture direction and velocity. These results enable us to
discuss a mechanism for limiting rupture velocity and estimating the slip-weakening distance in seismic
inversion analyses.

1. Introduction
The observational study of Heaton [1990] has suggested that coseismic slip velocity for many earthquakes seems to
be localized only near the rupture front and has significantly shorter duration than what is expected from classical
crack models. This phenomenon, called the slip pulse, has interested many seismologists and its nature has been investigated widely. Theoretically, the slip pulse itself can be generated by various mechanisms: rate- or rate-and-statedependent friction laws [e.g., Zheng & Rice 1998; Ampuero & Ben-Zion 2008; Noda et al. 2009], re-strengthening of
the nucleation region [e.g., Nielsen & Madariaga 2003; Shi & Ben-Zion 2006], interaction between frictional heating
and pore pressure changes [e.g., Suzuki & Yamashita 2008; Garagash 2012], 3-D effects of faults with large aspect
ratios [e.g., Day 1982; Nakamura & Miyatake 2000; Dalguar & Day 2009], or rupture propagation along a material
interface between dissimilar media, which will be detailed further in this section. It has also been pointed out that,
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theoretically, the sustained propagation of a slip pulse can be modeled on the assumption of a slip-weakening friction law as long as the value of the stress ratio 𝑆, defined as the ratio of strength excess to the stress drop, is in a
certain range [e.g., Andrews 1976; Rice et al. 2005; Shi & Ben-Zion 2006]. Andrews [1976] performed numerical
simulations for spontaneous mode II rupture growth only within the range 0.5 ≤ 𝑆 ≤ 1 and obtained no slip pulses
but rather self-similar crack solutions. Rice et al. [2005], on the other hand, showed analytically that a steady-state
slip pulse solution can exist for both mode II and mode III ruptures if 𝑆 ≥ 2 and friction weakening distance takes
a specific value depending on the value of 𝑆. Sustainability of such a pulse was verified numerically by Shi & BenZion [2006]. In this paper, we focus on slip pulse propagation in a steady-state analysis assuming a slip-weakening
friction law. Such an analysis will be valid approximately when the rupture velocity and slip velocity do not oscillate violently but show small perturbations around mean values; such rupture behavior has been reported in some
observational studies of source processes by using high-frequency components [e.g., Ishii et al. 2005; Okuwaki et
al. 2014]. Moreover, steady-state analysis also has potential significance in understanding the sustainability of slip
pulse propagation [Rice et al. 2005].
Although Rice et al. [2005] focused on slip pulse propagation in a homogeneous medium, major faults often lie
along the interface of two different masses of rock with different origins, e.g., at plate interfaces or tectonic lines.
Hence, the process of an earthquake therein could be modeled well as dynamic shear rupturing of the interface between two welded dissimilar elastic media, referred to as a bimaterial interface. Even if the bimaterial interface is
assumed to be planar, inevitably there exist qualitatively different types of mode II rupture along the interface: one
is rupture towards the slip direction of a relatively compliant medium, referred to as the “positive direction”, and
the other is rupture towards the slip direction of a relatively stiff medium, referred to as the “negative direction”.
Weertman [1963; 1969; 1980] mathematically analyzed steady-state propagation of a given in-plane slip velocity
distribution along a bimaterial interface and found that, unlike the case of a homogeneous medium, propagation
causes not only shear stress fluctuation over the entire interface but also normal stress fluctuation in the currently
slipping region. Based on his mathematical results, the shear stress fluctuation vanishes when the propagation velocity reaches a specific value called the generalized Rayleigh wave speed, which is slightly lower than the S-wave
speed of the more compliant medium, and the sign of the normal stress fluctuation depends on the propagation direction. The slipping region is unclamped for propagation in the positive direction and the region is clamped in the
opposite case. On this basis, Weertman [1980] speculated that the slipping region propagates only at the generalized
Rayleigh wave speed. On a frictional interface whose initial friction is above the initial shear stress level and where
the coefficient of dynamic friction is constant, slipping regions can be kept in motion only in the positive direction
because of self-unclamping; they cannot be moved in the negative direction because of self-clamping and lack of
shear stress increment. The assumptions that the coefficient of dynamic friction is constant and that the propagation speed is at the generalized Rayleigh wave speed are too restrictive to apply to fault dynamics; in addition, such
assumptions are not necessarily consistent with recent theoretical findings. Indeed, for the first assumption, Adams
[1995] and Ranjith & Rice [2001] demonstrated that slippage on a bimaterial interface with a constant coefficient of
dynamic friction is often unstable and ill-posed for a wide range of material parameters and friction coefficients. In
principle, friction should vary from its maximum level to its dynamic level continuously. As for the latter assumption, in general, arbitrary propagation velocity should be considered because, in many cases, rupture velocities are
seismologically estimated within a wide sub-Rayleigh range.
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Following the studies of Weertman [1980] and Heaton [1990], many researchers have numerically investigated
slip pulses propagating along a bimaterial interface [e.g., Andrews & Ben-Zion 1997; Ben-Zion & Andrews 1998;
Cochard & Rice 2000; Shi & Ben-Zion 2006; Rubin & Ampuero 2007]. Their motivations were enumerated in the
introduction of Ben-Zion & Andrews [1998]. A self-sustaining slip pulse propagating along a bimaterial interface
with a constant coefficient of dynamic friction was simulated in the numerical analyses of Andrews & Ben-Zion
[1997] and Ben-Zion & Andrews [1998]. However, Cochard & Rice [2000] showed that the numerical solutions of
Andrews & Ben-Zion [1997] and Ben-Zion & Andrews [1998] are inherently unstable and diverge with an increasing
number of grids. To stabilize the solutions, Cochard & Rice [2000] employed a friction that follows the change of
normal stress with some relaxation time proposed on the basis of laboratory experiments [Prakash & Clifton 1993;
Prakash 1998]; this is generally referred to as Prakash & Clifton’s friction law. As a result, Cochard & Rice [2000]
obtained a numerical solution for a self-sustaining slip pulse propagating only along the positive direction with
a velocity 97% of the generalized Rayleigh wave speed. We should note that the friction law they employed is a
function of the rate of shear stress change and is completely different from the slip-weakening friction laws that
are used widely. Moreover, in an analytical treatment of Adda-Bedia & Ben Amar [2003], a slip pulse modeled
with Prakash & Clifton’s friction law was found to have unbounded slip velocity and normal stress; consequently,
a physically reasonable analytic solution has not been obtained under the conditions employed by Cochard & Rice
[2000] even from the point of view of an asymptotic analysis. In other words, it is still unclear whether Prakash &
Clifton’s law is reasonable for the slip pulse problem. Meanwhile, a numerical solution for a slip pulse propagating
along a bimaterial interface has also been obtained on the assumption of a slip-weakening friction law [Shi & BenZion 2006; Dalguar & Day 2009] or a friction law that has the dual nature of both slip-weakening and rate-weakening
[Ampuero & Ben-Zion 2008]. Under these two friction laws, although only the pulse propagating along the positive
direction tends to appear for a wide range of parameters, the pulse propagating along the negative direction can
also appear for some parameter values. There is, however, no analytical treatment of pulses for these two friction
laws. An analytical treatment should be performed using physically plausible conditions, including boundedness of
stresses, to investigate precisely the dependence of slip behavior on many model parameters.
In the present paper, we model a steady-state slip pulse propagating along a bimaterial interface with three physically plausible conditions: arbitrary propagation speeds in the sub-Rayleigh range, a slip-weakening friction law,
and boundedness of stresses. By following the methodology of Rice et al. [2005] and using the solution of Tricomi
[1957], we find an analytical solution for the pulse. The analytical solution enables us to investigate precisely the
dependence of the pulse on model parameters including the stress ratio 𝑆, slip-weakening distance, propagation direction, and propagation speed. On the basis of the analytical solution, we discuss conditions for the existence of a
solution, the limitation of propagation speed, and suggestions for observational studies.

2. Modeling and solution
2.1.

Modeling of a slip pulse

We construct an integral equation to represent the relation between stress and a steady-state mode II slip pulse
on a bimaterial interface. This model, along with the method shown in the next subsection, can be regarded as a
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generalization and mathematical refinement of the methodology of Rice et al. [2005]. A fault is assumed to lie along
a frictional interface 𝑌 = 0 between two dissimilar isotropic, homogeneous, elastic, semi-infinite half-spaces. The
P-wave and S-wave velocities are given by 𝛼 and 𝛽, respectively, and 𝜌 denotes the material density. The superscript
+ denotes the medium above the interface (𝑌 > 0) and − the medium below (𝑌 < 0). Across the fault, shear stress is
defined as positive in right-lateral and normal stress is defined as positive in tension. By considering a rupture front
along the fault moving in the negative direction of the 𝑋 axis with a constant speed 𝑐 (< min {𝛽 ± }), and considering
a steady-state distribution of slip ∆𝑢(𝑋, 𝑡) = ∆𝑢(𝑋 + 𝑐𝑡), we can apply the Galilean transformation:
𝑥 ∶=𝑋 + 𝑐𝑡,

(1)

𝑦 ∶=𝑌,

(2)

1 𝜕
𝜕
𝜕
=
=
,
𝑐 𝜕𝑡 𝜕𝑋
𝜕𝑥

(3)

̇
where 𝑡 is time. By employing this transformation, slip velocity ∆𝑢(𝑥)
(≥ 0) can be replaced by the slip gradient
′
∆𝑢 (𝑥). Using these notations, Weertman [1980] showed that shear stress 𝜏(𝑥) and normal stress 𝜎(𝑥) along the
fault are represented as follows:
𝜏(𝑥) = 𝜏0 − 𝜇̄ 𝑝.𝑣. ∫

∆𝑢′ (𝜉) 𝑑𝜉
,
𝜉−𝑥 𝜋

𝜎(𝑥) = 𝜎0 + 𝜇∗ ∆𝑢′ (𝑥),

(4)
(5)

where 𝜏0 (> 0) and 𝜎0 (< 0) are the initial shear and normal stresses, respectively, and 𝑝.𝑣. indicates Cauchy’s principal value. The coefficients 𝜇̄ and 𝜇∗ are functions of material parameters and the propagation speed. If the upper
̄ 𝐺𝑅 ) = 0
and lower materials are identical, we have the relation 𝜇∗ = 0. The speed 𝑐𝐺𝑅 that satisfies the equation 𝜇(𝑐
∗
is referred to as the generalized Rayleigh wave speed. Although expressions for 𝜇̄ and 𝜇 were given explicitly by
Weertman [1980], the expression for 𝜇∗ contains a typographical error and was corrected by Cochard & Rice [2000].
For a Poisson solid, |||𝜇∗ ||| is an increasing and finite function of 𝑐, and 𝜇∗ is positive if 𝛼 + < 𝛼 − and 𝛽 + < 𝛽 − , and is
negative if 𝛼 + > 𝛼 − and 𝛽 + > 𝛽 − . As we have fixed the propagation direction as the direction of 𝑥 = −∞, the former
is the case of the positive direction, i.e., the self-unclamping case, and the latter is the case of the negative direction,
i.e., the self-clamping case.
As we treat a slip pulse, the support of ∆𝑢′ is finite and is located only behind the rupture front. We situate the
leading edge of the pulse, i.e., the rupture front, at 𝑥 = −1 and the trailing edge of the pulse at 𝑥 = +1 so that the
interval of the integral in the RHS of eq. (4) is (−1, +1). We assume that ∆𝑢′ is continuous and piecewise differentiable at ∀𝑥 ∈ (−∞, +∞), which includes the relation lim𝜖→+0 ∆𝑢′ (±1 ∓ 𝜖) = 0. This is because the boundedness of
stress, which is mentioned as one of the physically plausible conditions to be imposed in our model, is guaranteed by
this continuity and differentiability (see Appendix A). We introduce the spatial variation of the coefficient of friction
𝑓(𝑥); this is a generalization of the approach of Rice et al. [2005]. As we assume that the slip velocity ∆𝑢̇ = 𝑐∆𝑢′ is
𝑥
non-negative, the slip ∆𝑢(𝑥) = ∫−1 ∆𝑢′ (𝜉)𝑑𝜉 is a monotonically increasing function of 𝑥. Hence, the friction 𝑓 must
be a monotonically decreasing function of 𝑥 in order to be slip-weakening. We define the coefficient of maximum
static friction 𝑓𝑠 = max𝑓 = 𝑓(−1) and the coefficient of dynamic friction 𝑓𝑑 = min𝑓 = 𝑓(+1).
On the basis of these formulations, we can equate the shear stress and the friction on the slipping part of the plane
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𝑌 = 0;
𝜏(𝑥) + 𝑓(𝑥) 𝜎(𝑥) = 0.

(6)

For convenience in later calculations, we rewrite 𝑓 as follows:
𝑓(𝑥) = 𝑓𝑑 + (𝑓𝑠 − 𝑓𝑑 ) 𝐹(𝑥),

(7)

where 𝐹 is a normalized monotonically decreasing function that satisfies 𝐹(−1) = 1 and 𝐹(+1) = 0. We thus obtain
a singular integral equation of the Carleman type:
+1

𝑓(𝑥)∆𝑢′ (𝑥) − 𝜆 𝑝.𝑣. ∫
−1

∆𝑢′ (𝜉) 𝑑𝜉
= 𝑝 + 𝑞𝐹(𝑥),
𝜉−𝑥 𝜋

(8)

̄ ∗ , 𝑝 = − (𝜏0 + 𝑓𝑑 𝜎0 ) ∕𝜇∗ , and 𝑞 = − (𝑓𝑠 − 𝑓𝑑 ) 𝜎0 ∕𝜇∗ . We note that 𝜆 is positive if the pulse propawhere 𝜆 = 𝜇∕𝜇
gates along the positive direction and negative in the opposite case.
2.2.

Analytical solution of the slip pulse with physically plausible conditions

An analytical solution of eq. (8) has been derived by Tricomi [1957] as
+1

∆𝑢′ (𝑥) =

𝐴∗ (𝜉) {𝑝 + 𝑞𝐹(𝜉)} 𝑑𝜉
{𝑝 + 𝑞𝐹(𝑥)} 𝑓(𝑥)
∫
+
𝜆𝐴(𝑋)
𝑝.𝑣.
,
𝜋
𝑓 2 (𝑥) + 𝜆2
𝜉−𝑥
−1

(9)

where
+1

𝜃(𝑥)∕𝜋
𝜃(𝜉) − 𝜃(𝑥) 𝑑𝜉
1−𝑥
(
)
exp {𝑝.𝑣. ∫
𝐴(𝑥) = √
},
1
+
𝑥
𝜋
𝜉−𝑥
2
2
𝑓 (𝑥) + 𝜆
−1
𝑓(𝑥)
𝜆
𝜋
𝜃(𝑥) = arctan
, (0 < 𝜃 < 𝜋) ,
= − arctan
4
𝜆
𝑓(𝑥)
1
.
𝐴∗ (𝑥) = 2
{𝑓 (𝑥) + 𝜆2 } 𝐴(𝑥)

1

(10)
(11)
(12)

Although Tricomi [1957] did not impose a specific condition for 𝑓, which was expressed as 𝑎 in his book, the solution (9) is valid as long as the function 𝑎 is bounded; see eq. (4) of Chapter 4.4 of his book for further details. We
assume that our function 𝑓 is piecewise smooth and that 𝑓 ′ is bounded, i.e., 𝑓 is Lipschitz continuous. This assumption guarantees the existence of Cauchy’s principal values appearing in eqs. (9) and (10); note that 𝜃 also becomes
Lipschitz continuous on the basis of its definition.
The solution (9) already satisfies two of the physically plausible conditions, that is, rupture speed in the subRayleigh range and slip-weakening friction. Thus, the remaining problem is the continuity of ∆𝑢′ . The relationship
+1

𝜆 𝑝.𝑣. ∫
−1

𝐴∗ (𝜉) 𝑑𝜉
= sgn(𝜆) − 𝑓(𝑥)𝐴∗ (𝑥),
𝜉−𝑥 𝜋

(13)

which was given as eq. (28) of the Chapter 4.4 in Tricomi [1957], helps in our calculation. After some algebra on eq.
(9) and (13), we obtain the following:
∆𝑢′ (𝑥) =

𝜏𝑝 − 𝜏𝑟
𝜇̄

+1

{

𝐴∗ (𝜉) {𝐹(𝜉) − 𝐹(𝑥)} 𝑑𝜉
1
+ 𝐹(𝑥) + |𝜆| 𝑝.𝑣. ∫
} |𝜆| 𝐴(𝑥),
𝜋
1+𝑆
𝜉−𝑥
−1
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(14)

where 𝜏𝑝 = 𝑓𝑠 |||𝜎0 ||| is the yielding stress at the leading edge of the pulse, 𝜏𝑟 = 𝑓𝑑 |||𝜎0 ||| is the dynamic friction at the
trailing edge of the pulse, and
𝜏𝑝 − 𝜏0

𝑆=

(15)

𝜏0 − 𝜏𝑟

is the stress ratio mentioned in the introduction.
As 𝐹 is assumed to be Lipschitz continuous, the integrand is bounded for ∀𝑥 ∈ (−1, +1); therefore we no longer
have to consider Cauchy’s principal value of the integral. Moreover, the improper integral
+1

∫
−1

𝐴∗ (𝜉) {𝐹(𝜉) − 𝐹(𝑥)} 𝑑𝜉
𝜋
𝜉−𝑥

(16)

exists for ∀𝑥 ∈ [−1, +1] because an asymptotic form of 𝐴∗ in the vicinity of both ends of the integration interval
𝐴∗ (𝜉) ∼ (1 ± 𝜉)

∓𝜃(𝜉)∕𝜋

,

(𝜉 ∼ ±1)

(17)

is integrable and, therefore,
|
|| +1 ∗
+1
𝑑𝜉
𝐴 (𝜉) {𝐹(𝜉) − 𝐹(𝑥)} 𝑑𝜉 |||
||
|| < 𝐾 ∫
||∫
𝐴∗ (𝜉)
< +∞
|| −1
𝜋 ||
𝜋
𝜉
−
𝑥
−1
|
|

(18)

holds for ∀𝑥 ∈ [−1, +1], where 𝐾 is the Lipschitz constant for 𝐹. With this result and the definition of 𝐴, we find
∆𝑢′ (+1) = 0.
Now only the condition lim𝜖→+0 ∆𝑢′ (−1+𝜖) = 0 is our concern because ∆𝑢′ is clearly continuous for ∀𝑥 ∈ (−1, +1]
owing to the boundedness of the integrand of the improper integral (16) and the definition of 𝐴. Moreover, the
existence of (16) at 𝑥 = −1 and the Lipschitz continuity of 𝐹 yield
+1

{−

𝐴∗ (𝜉) {𝐹(𝜉) − 𝐹(𝑥)} 𝑑𝜉
1
+ 𝐹(𝑥) + |𝜆| ∫
} ∼ 𝐶 + 𝐾(1 + 𝑥)
𝜋
1+𝑆
𝜉−𝑥
−1

(19)

in the vicinity of 𝑥 = −1, where
+1

𝐶=−

𝐴∗ (𝜉) {𝐹(𝜉) − 1} 𝑑𝜉
1
+ 1 + |𝜆| ∫
𝜋
1+𝑆
𝜉+1
−1

(20)

is obtained as a limit of the LHS of eq. (19) at 𝑥 → −1. Hence, by taking into account the asymptotic form of 𝐴, the
RHS of eq. (14) has an asymptotic form of
𝐶 ′ {𝐶 + 𝐾(1 + 𝑥)} (1 + 𝑥)−𝜃(−1)∕𝜋

(21)

in the vicinity of 𝑥 = −1, where 𝐶 ′ is a constant, and this approaches zero iff 𝐶 = 0 by taking the limit 𝑥 ↓ −1
because −1 < −𝜃(−1)∕𝜋 holds; otherwise this diverges owing to the singularity of 𝐴 at 𝑥 = −1. Thus we finally
obtain the following equation for lim𝜖→+0 ∆𝑢′ (−1 + 𝜖) = 0:
+1

𝐴∗ (𝜉) {𝐹(𝜉) − 1} 𝑑𝜉
1
−
+ 1 + |𝜆| ∫
= 0.
𝜋
1+𝑆
𝜉+1
−1
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(22)

The LHS of eq. (22) is a functional of 𝐹 and contains 𝑆, 𝑓𝑠 , 𝑓𝑑 and 𝜆 as parameters. If both materials are identical,
we obtain
√
|𝜆|

𝐴∗

(𝜉) =

1+𝑥
,
1−𝑥

(23)

by taking |𝜆| → ∞. Hence, for a homogeneous medium, the condition (22) does not contain 𝑓𝑠 , 𝑓𝑑 , or 𝑐 as parameters, which means that 𝑆 is determined uniquely once 𝐹 is given, as already shown by Rice et al. [2005]. Our results,
however, indicate that the condition of boundedness of stress depends on these parameters in the case of a bimaterial
interface. We investigate this dependence in the next section.
Numerical evaluation of the improper integral (16) is achieved with difficulty by using Newton-Cotes formulae,
including the trapezoidal rule and Simpson’s rule, owing to the singularity of the integrand. It is, however, rapidly
calculable by using the double exponential formula, which has been proved mathematically to be the best formula
for numerical integrals [Takahashi & Mori 1974]. Hence, by using this formula, we calculate the condition (22), the
integral appearing in the RHS of eq. (10) and, finally, the solution (14).

3. Analysis
3.1.

Parameter ranges

We assume values of the parameters contained in the solution (14) as follows. For Poisson solids, 𝛼 + ∕𝛼 − = 𝛽 + ∕𝛽 −
holds. Moreover, we assume that 𝜌+ ∕𝜌− = 𝛼 + ∕𝛼 − = 𝛽 + ∕𝛽 − holds approximately because 𝛼 + ∕𝛼 − ∼ 𝜌+ ∕𝜌− for
typical crustal rocks within an error of 10% [Birch 1961; Hirano & Yamashita 2011]. For the San Andreas fault
system, the contrast of seismic wave velocities across faults lies between 5 and 30% [Shi & Ben-Zion 2006]. Below,
we set 𝛽 + ∕𝛽 − = 1.2 for rupture along the positive direction and 𝛽 − ∕𝛽 + = 1.2 for rupture along the negative direction.
These values have been employed in previous numerical studies [Andrews & Ben-Zion 1997; Cochard & Rice 2000].
Rupture velocities of most earthquakes, except for deep earthquakes or tsunami earthquakes, are higher than 70%
of the S-wave speed [Geller 1976; Venkataraman & Kanamori 2004], so we consider rupture velocities of 70 to 95%
of the generalized Rayleigh wave speed in this section and of 95 to 100% of this speed in the next section.
We assume 𝑓𝑠 = 0.6, 𝑓𝑑 = 0.2, and a monotonically decreasing function 𝐹. Rice et al. [2005] treated a linear
distance-weakening function:
⎧− 𝑥+1 + 1 (−1 < 𝑥 < −1 + 2𝑅)
2𝑅
𝐹(𝑥) =
⎨0
(−1 + 2𝑅 < 𝑥 < +1).
⎩

(24)

Although this function has only one parameter, 𝑅, the integral (16) has to be divided into two parts for numerical
integration because it is not differentiable at 𝑥 = −1 + 2𝑅. To simplify the numerical integration procedure, we
employ a smooth function
4

1−𝑥 𝑅
)
𝐹(𝑥) = (
2
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−1

,

(25)

which is shown in fig.1-a and has the same 𝐿1 norm as (24). We find that the relation between the stress ratio 𝑆 and
the process zone size obtained by substituting eq. (24) into (22) is almost the same as that obtained by substituting eq.
(25) into (22) as shown in fig.1-b. This indicates that the difference between eq. (24) and eq. (25) is not significant.

Figure 1: (a) Distributions of the normalized coefficient of friction 𝐹 as a function of position 𝑥 given by Rice et al.
[2005] (dash-dot line) and this study (solid line). (b) Theoretical relationships between the stress ratio 𝑆
and the process zone size 𝑅 to satisfy eq. (22) for two friction distributions shown in (a).

3.2.

Parameter dependence

First, the relationship between the stress ratio 𝑆 and process zone size 𝑅 given by eq.(22) is plotted in fig.2. This
result shows that the relationship that fulfills the three physically plausible conditions introduced in the introduction
depends on the direction and speed of rupture propagation for the bimaterial slip pulse whereas it does not depend
on these factors in the homogeneous case. For any fixed value of 𝑆, the size of the process zone is smaller than
that for the homogeneous model when the pulse propagates in the positive direction and is larger when the pulse
propagates in the negative direction. For a pulse propagating in the negative direction, the curves never reach the
level 𝑆 = 1. This means that the pulse propagating in the negative direction cannot exist if 𝑆 ≤ 1. For 𝑆 > 1.5 and
𝑐∕𝑐𝐺𝑅 < 0, 95, however, the curves can reach any level of 𝑆. Hence, over a wide range of 𝑆, a pulse propagating in the
negative direction can exist in the steady-state regime. This is a new insight, as such a possibility was not considered
by Weertman [1980].
Next, distribution of slip velocity is plotted in fig.3. As for peak slip velocity, we find that its location depends
mainly on 𝑆 and its value depends mainly on 𝑐∕𝑐𝐺𝑅 . Moreover, both the location and value of peak slip velocity
depend on the direction of pulse propagation. In addition, slip velocity peaks are observed near the leading edge of
the pulse irrespective of its propagation direction; however, the peak is generally higher for a pulse propagating in
the positive direction. This is likely to be an effect of the bimaterial interface.
Finally, dependence of slip-stress curves on propagation direction and velocity are plotted in fig.4. The result shows
that slip-weakening distance becomes shorter as the rupture propagation velocity increases in the positive direction
and becomes longer as the rupture propagation velocity increases in the negative direction. This occurs because the
normal stress and process zone size depend on the direction and speed of rupture propagation.
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Figure 2: Relationships between the stress ratio 𝑆 and process zone size 𝑅 given by eq. (22). Solid line is the same as
the solid line shown in fig.1-b and independent of rupture velocity. Dashed and dotted lines indicate that
of the pulse propagating towards positive and negative directions of the bimaterial interface, respectively.
For bimaterial cases, rupture velocities normalized by generalized Rayleigh wave speed 𝑐∕𝑐𝐺𝑅 are assumed
to be 0.8, 0.9 and 0.95.

4. Discussion
4.1.

Upper limit of rupture velocity

Weertman [1980] considered the possibility of self-sustained rupture propagation along a frictional bimaterial interface and concluded that the rupture can propagate only in the positive direction. In his study, he considered only the
case of 𝑐∕𝑐𝐺𝑅 = 1 (𝜇̄ = 0 in his context). We, however, find that 𝑐∕𝑐𝐺𝑅 = 1 is impossible even for the case of rupture
in the positive direction, and that there exist limit values of 𝑐∕𝑐𝐺𝑅 in both propagation directions in our model.
When the rupture propagates in the negative direction, the maximum value of 𝑐∕𝑐𝐺𝑅 for which the condition (22)
is satisfied is smaller for smaller values of 𝑆. When 𝑆 = 1.2, for example, fig.2 shows that the condition (22) is
satisfied for 𝑐∕𝑐𝐺𝑅 = 0.9 but is not satisfied for 𝑐∕𝑐𝐺𝑅 = 0.95. Hence, the rupture velocity of a pulse propagating in
the negative direction lies only in the range 𝑐∕𝑐𝐺𝑅 < 1 and the upper limit velocity is smaller for smaller values of 𝑆.
When the rupture propagates in the positive direction, its velocity is limited by another mechanism. Eqs.(3) and
(5) yield the following:
𝜎(𝑥) = 𝜎0 +

𝜇∗
̇
∆𝑢(𝑥),
𝑐

(26)

where, not only 𝜇∗ , but also the maximum value of ∆𝑢̇ are functions of the rupture velocity 𝑐 according to fig.3.
We plot the distribution of values of 𝜎(𝑥)∕𝜎0 for 𝑐 ∼ 𝑐𝐺𝑅 in fig.5 and find that the normal stress becomes positive
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Figure 3: Slip velocity distributions inside of the pulse propagating towards (a) positive direction and (b) negative
direction. Black and gray lines are for 𝑆 = 8 and 𝑆 = 2, respectively.

when 𝑐∕𝑐𝐺𝑅 = 0.985. For this tensile state, however, the friction law (6) is inappropriate and our model is no longer
applicable. Hence, 𝑐∕𝑐𝐺𝑅 ∼ 0.98 can be considered as the upper limit of rupture velocity in this model and we must
somehow modify the friction law by taking into account the opening of the interface for 𝑐∕𝑐𝐺𝑅 > 0.98.
4.2.

Suggestion for

𝐷𝑐 -estimation

in observational and/or experimental studies

In fig.4, we find that the ratio of critical slip distance (referred to as 𝐷𝑐 ) to final slip amount (referred to as 𝐷Max )
changes dramatically with rupture direction and velocity. Here we discuss implications of this finding.
The value of 𝐷𝑐 ∕𝐷Max has been estimated and discussed widely [e.g., Mikumo et al. 2003; Tinti et al. 2005; Cocco et
al. 2009]. This value is important in view of energy partitioning during earthquakes because the energy partitioning
is discussed using the radiation efficiency 𝜂𝑅 ∶= 𝐸𝑅 ∕ (𝐸𝐺 + 𝐸𝑅 ), where 𝐸𝐺 and 𝐸𝑅 are fracture energy and radiated
energy, respectively, and 𝜂𝑅 depends on 𝐷𝑐 ∕𝐷Max (Appendix B). In seismology, estimation of 𝐷𝑐 has been done under
a framework of elastodynamics after inverting slip history at each point along a fault. Mikumo et al. [2003] has
suggested 𝐷𝑐 ∕𝐷Max ∼ 0.27 − 0.56 on the basis of seismic inversion analysis of the 1995 Kobe earthquake and the
2000 Western-Tottori earthquake and a numerical simulation. The variance of 𝐷𝑐 ∕𝐷Max in their results might be
due to many factors, e.g., spatial inhomogeneity of faults, suitability of their numerical model, etc. Our results,
however, imply that accurate estimation of 𝐷𝑐 might not be achieved without verifying whether or not the fault
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Figure 4: Slip-stress curves for (a) 𝑆 = 8 and (b) 𝑆 = 2. Dashed and dotted lines indicate that of the pulse propagating
towards positive and negative directions, respectively. The abscissa is slip normalized by final slip 𝐷Max =
∆𝑢(+1). Two stars for 𝑆 = 8 indicate 𝐷𝑐 for 𝑐∕𝑐𝐺𝑅 = 0.9, which is defined as the value of slip when the
value of traction is 0.25.

lies on a bimaterial interface when converting the slip velocity profile to a slip-stress curve. Indeed, we find that
𝐷𝑐 ∕𝐷Max ∼ 0.1 and ∼ 0.4 for ruptures propagating in the positive and negative directions, respectively, for 𝑆 = 8
and 𝑐∕𝑐𝐺𝑅 = 0.9 if, for simplicity, 𝐷𝑐 is defined as the value of the normalized slip that gives 0.25 in traction (fig.4).
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̇
Figure 5: Normalized normal stress distribution 𝜎(𝑥)∕𝜎0 = 1 + 𝜇∗ ∆𝑢(𝑥)∕(𝑐𝜎
0 ) for the pulse propagating towards
the positive direction when 𝑆 = 2 and 𝑐 ∼ 𝑐𝐺𝑅 .
This means that rupture directivity can be clearly seen in the slip-stress curve rather than in the slip velocity profile;
note that slip velocity profiles in fig.3 are not so different, even for 𝑐∕𝑐𝐺𝑅 = 0.9. Although material interfaces have
not been considered in traditional schemes to estimate 𝐷𝑐 from inversion analyses, we can conclude that the effect
of the material interface on estimation is not negligible and suggest investigating the material contrast of both sides
of a fault before conducting such analyses.
On the other hand, 𝐷𝑐 can be estimated in laboratory experiments as the slip-weakening distance of friction between two rock masses. For interfacial faults, normal stress varies with slip and depends on the slip gradient as
shown in eq.(5). Even if bimaterial interface is introduced in experimental settings, we will not be able to detect
such slip gradient in traditional laboratory experiments because rock samples are usually too small to resolve the
spatial distribution of friction or the slip gradient. Photoelastic experiments will be advantageous to obtain sufficient resolution of the slip gradient [Rosakis et al. 2007]. The singular integral equation (8) might be useful to
)
(
estimate the constitutive law of friction in such experiments because eq.(8) tells us that 𝑓 = 𝑓 ∆𝑢′ can be obtained
if ∆𝑢′ is given.

5. Summary
For an interfacial slip pulse propagating with constant velocity and length, we construct a Carleman-type singular
integral equation (8) on the basis of Weertman’s solution (4), (5), and the friction law (6). The friction coefficient 𝑓(𝑥)
is a monotonically decreasing function of position; so 𝑓(𝑥) actually has a slip-weakening nature. Under physically
plausible conditions of arbitrary sub-Rayleigh propagation speeds, a slip-weakening friction law, and boundedness
of stress, we find an analytical solution (14) with (22). Eq.(22) gives a unique relationship between the stress ratio 𝑆,
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the process zone size 𝑅, and the normalized rupture velocity 𝑐∕𝑐𝐺𝑅 while the relationship for a slip pulse propagating
in a homogeneous medium that satisfies the three conditions does not depend on the rupture velocity as shown by
Rice et al. [2005]. Moreover, our solution shows the directivity in distributions of slip velocity and slip-stress curves.
One of our theoretical conclusions is that rupture velocity might be limited for ruptures in both the positive and
negative directions; a range of existence of the solution limits the velocity in the negative direction and a range of
negativeness of normal stress limits the velocity in the positive direction. Another important theoretical conclusion
is that the characteristic slip-weakening distance 𝐷𝑐 changes dramatically with the direction and velocity of rupture
propagation. This suggests that estimation of 𝐷𝑐 could be affected by the material interface and, therefore, that the
material interface should be considered in observational studies.

Data and resources
No data were used in this paper. All plots were made using gnuplot version 4.6 patchlevel 4: http://www.gnuplot.

info/.
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Appendix A. Boundedness of stress
We show here that the boundedness of stress is guaranteed if the slip velocity ∆𝑢̇ = 𝑐∆𝑢′ is continuous and piecewise
differentiable at ∀𝑥 ∈ (−∞, +∞). If ∆𝑢′ is continuous, Cauchy’s principal value appearing in eq. (4) can be divided
into the following three terms:
+∞

𝑝.𝑣. ∫
−∞

−∞

𝑥−𝜖

∆𝑢′ (𝜉) 𝑑𝜉
∆𝑢′ (𝜉) 𝑑𝜉
= lim {∫
+∫
}
𝜖→+0 −∞
𝜉−𝑥 𝜋
𝜉−𝑥 𝜋
𝑥+𝜖
−∞

𝑥−𝜖

+∫

= lim {∫
𝜖→+0

−∞
𝑥−𝜖

= lim ∫

𝜉−𝑥
+∞

+ lim ∫

𝜖→+0 𝑥+𝜖
∆𝑢′ (𝑥)

𝜋

∆𝑢′ (𝜉) − ∆𝑢′ (𝑥) + ∆𝑢′ (𝑥) 𝑑𝜉
}
𝜋
𝜉−𝑥

𝑥+𝜖
′
∆𝑢 (𝜉) − ∆𝑢′ (𝑥)

𝜖→+0 −∞

+

}{

𝑑𝜉
𝜋

∆𝑢′ (𝜉) − ∆𝑢′ (𝑥) 𝑑𝜉
𝜋
𝜉−𝑥
+∞

𝑝.𝑣. ∫
−∞

𝑑𝜉
.
𝜉−𝑥

(A.1)
(A.2)
(A.3)

In the one-sided limits of 𝜉 → 𝑥±𝜖 and 𝜖 → 0, the integrands appearing in the terms (A.1) and (A.2) converge towards
the left and right derivatives of ∆𝑢′ , respectively, so that they are integrable even if one or both of the integrands
diverge at 𝑥. Moreover, the term (A.3) is zero. Hence Cauchy’s principal value of the LHS, which gives the shear
stress change along the fault, exists (i.e., is bounded) for ∀𝑥 ∈ (−∞, +∞). In particular, we assume that ∆𝑢′ is
supported on [−1, +1], so lim𝜖→+0 ∆𝑢′ (±1 ∓ 𝜖) = 0 holds.
On the other hand, Cauchy’s principal value has a logarithmic singularity if ∆𝑢′ is bounded and discontinuous,
and has a singularity of negative exponents if ∆𝑢′ ∼ 𝑟−𝛼 , where 𝑟 is the distance from a discontinuous point of ∆𝑢′
and 0 < 𝛼 < 1 [Adda-Bedia & Ben Amar 2003]. Therefore stress is bounded iff the slip velocity is continuous and
piecewise differentiable.

Appendix B. Relation between 𝐷 ∕𝐷 and the radiation eciency
𝑐

Max

We show how 𝐷𝑐 ∕𝐷Max is significant for determination of the radiation efficiency defined as 𝜂𝑅 ∶= 𝐸𝑅 ∕ (𝐸𝐺 + 𝐸𝑅 )
[Venkataraman & Kanamori 2004], which is widely used in discussion on energy partitioning of earthquakes. With
the notations introduced in “Modeling of a slip pulse” section, we assume that the slip-stress relation can be approximated by the following function:

𝜏 (∆𝑢) =

⎧𝜏
𝑓 (∆𝑢∕𝐷𝑐 ) , ∆𝑢 ≤ 𝐷𝑐 ,
⎨𝜏 ,
∆𝑢 > 𝐷Max ,
𝑑
⎩
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(B.1)

where an arbitrary continuous function 𝜏𝑓 satisfies 𝜏𝑓 (0) = −𝑓𝑠 𝜎0 , which is the maximum static friction, and 𝜏𝑓 (1) =
𝜏𝑑 = −𝑓𝑑 𝜎0 , which is the dynamic friction. Under this assumption,
𝐷Max

𝐸𝐺 = ∫ 𝑑𝑆 ∫
𝑆

{𝜏 (∆𝑢∕𝐷𝑐 ) − 𝜏𝑑 } 𝑑∆𝑢
0
1

= ⟨𝐷𝑐 ⟩𝑆 ∫

{

}
𝜏𝑓 (𝑠) − 𝜏𝑑 𝑑𝑠

(B.2)

0

holds, where 𝑆 indicates the entire fault surface and ⟨ ⋅ ⟩ indicates average on 𝑆. Moreover,
𝐸𝐺 + 𝐸𝑅 =

𝜏0 − 𝜏𝑑
⟨𝐷Max ⟩𝑆
2

(B.3)

holds [Venkataraman & Kanamori 2004]. Eqs.(B.2) and (B.3) result in
𝜂𝑅 = 1 −
=1−

𝐸𝐺
𝐸𝐺 + 𝐸𝑅
1
{
}
⟨𝐷𝑐 ⟩
2
∫ 𝜏𝑓 (𝑠) − 𝜏𝑑 𝑑𝑠.
𝜏0 − 𝜏𝑑 ⟨𝐷Max ⟩ 0

Therefore, the radiation efficiency depends on ⟨𝐷𝑐 ⟩∕⟨𝐷Max ⟩.
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(B.4)

